We study the incorporation of gravity into the trace dynamics framework for classical matrix-valued fields, from which we have proposed that quantum field theory is the emergent thermodynamics, with state vector reduction arising from fluctuation corrections to this thermodynamics. We show that the metric must be incorporated as a classical, not a matrixvalued, field, with the source for gravity the exactly covariantly conserved trace stress-energy tensor of the matter fields. We then study corrections to the classical gravitational action induced by the dynamics of the matrix-valued matter fields, by examining the average over the trace dynamics canonical ensemble of the matter field action, in the presence of a general background metric. Using constraints from global Weyl scaling and three-space general coordinate transformations, we show that to zeroth order in derivatives of the metric, the induced gravitational action in the preferred rest frame of the trace dynamics canonical ensemble must have the form
thermodynamics. We show that the metric must be incorporated as a classical, not a matrixvalued, field, with the source for gravity the exactly covariantly conserved trace stress-energy tensor of the matter fields. We then study corrections to the classical gravitational action induced by the dynamics of the matrix-valued matter fields, by examining the average over the trace dynamics canonical ensemble of the matter field action, in the presence of a general background metric. Using constraints from global Weyl scaling and three-space general coordinate transformations, we show that to zeroth order in derivatives of the metric, the induced gravitational action in the preferred rest frame of the trace dynamics canonical ensemble must have the form
with D i defined through the co-factor expansion of (4) g by (4) g/ (3) g = g 00 + g 0i D i , and with
A(x, y, z) a general function of its three arguments. This action has "chameleon-like" properties: For the Robertson-Walker cosmological metric, it exactly reduces to a cosmological constant, but for the Schwarzschild metric it diverges as (1−2M/r) −2 near the Schwarzschild radius, indicating that it may substantially affect the horizon structure.
I. INTRODUCTION
In papers culminating in a book [1] - [3] , we proposed "trace dynamics" as the fundamental pre-quantum dynamics of matter degrees of freedom. In this dynamics, the matter fields are noncommuting matrix-valued fields, with cyclic permutation under a trace action resolving factorordering problems. We identified globally conserved quantities and used them to construct a canonical ensemble for the statistical dynamics of trace dynamics. We then argued, with approximations that remain to be justified, that the statistical thermodynamics of trace dynamics gives rise to quantum field theory, with fluctuation corrections to this thermodynamics leading to state * Electronic address: adler@ias.edu vector reduction in measurements.
We did not, however, address the issue of incorporating gravity into trace dynamics, and that is the purpose of this paper. We shall see that without knowing the precise underlying trace dynamics action, restrictive qualitative statements can be made. The organization of this paper is as follows.
In Sec. 2 we give a very brief survey of trace dynamics. In Sec. 3 we present arguments indicating that gravity must be incorporated into trace dynamics as a classical (a diagonal matrix) field, as opposed to a general matrix-valued field. We show that this leads to a consistent dynamics for classical gravity coupled to matrix-valued matter, with the source term for the Einstein equations the exactly covariantly conserved matter trace stress-energy tensor. In Sec. 4 we define a matter induced effective action as the canonical ensemble average of the matter trace action. In Sec. 5, we use global Weyl scaling invariance and three-space general coordinate invariance to derive a general functional form for the structure of the induced effective action to leading orders in derivatives of the metric. In Sec. 6 we deduce the rules for using this frame dependent effective action as a source
for the Einstein equations. In Sec. 7, we show that although this effective action does not have the structure of a cosmological constant action, on a Robertson-Walker space-time it exactly reduces to a cosmological term. In Sec. 8 we take a first look at the implications of the effective action for a time-independent, spherically symmetric metric. In Sec. 9 we make further remarks about the structure and implications of our results. In Appendix A we state our notational conventions and
give formulas for matter field actions and conserved quantities derived from them. In Appendix B
we discuss the construction and properties of the mixed index gravitational pseudotensor that is referenced in the course of our argument.
II. BRIEF OVERVIEW OF TRACE DYNAMICS
Trace dynamics [1] - [3] is a new kinematic framework for pre-quantum dynamics, in which the dynamical variables are pairs of operator valued variables {q r }, {p r }, with no assumed a priori commutativity properties, acting on an underlying complex Hilbert space. 
in which δA/δq r and δA/δp r are operators. Applying this definition to the trace Hamiltonian, a symplectic dynamics of the operator phase space variables is generated by the operator Hamilton
with ǫ r = 1(−1) according to whether q r , p r are bosonic (fermionic).
Substituting Eq. (3) into Eq. (2), we see that H is a constant of motion in trace dynamics.
Another conserved trace quantity is the trace fermion number N. An essential feature of trace dynamics is that there are two other conserved quantities. The first is the traceless anti-self-adjoint
with the subscripts B, F denoting respectively sums over bosonic and fermionic degrees of freedom.
When the trace Hamiltonian is constructed using only non-operator numerical coefficients, there is a global unitary invariance for whichC is the conserved Noether charge [2] .
A second important conserved quantity is the natural integration measure dµ for the underlying operator phase space. Conservation of dµ gives a trace dynamics analog of Liouville's theorem, and permits the use of statistical mechanics methods. Specifically, the canonical ensemble is given
with the denominator enforcing the normalization condition dµρ = 1. The ensemble parameters (generalized temperatures) are the real numbers τ and η, and the anti-self-adjoint operatorλ, chosen so that the ensemble averages
have specified values. Since C AV is itself an anti-self-adjoint operator, it can be brought to the canonical form
with D eff a real diagonal and non-negative operator.
The simplest case corresponds to an ensemble that does not favor any state in the underlying Hilbert space over any other, in which case D eff is a real constant multiple of the unit operator.
This real constant has the dimensions of action, and plays the role of Planck's constant in the emergent quantum mechanics derived from the canonical ensemble, so we shall denote it by ,
Since the relations i eff = −i † eff and i 2 eff = −1 imply that i eff can be diagonalized to the form idiag(±1, ±1, ..., ±1), the condition Tr i eff = 0 requires that the positive and negative eigenvalues must be paired so as to give a vanishing trace. Therefore the dimension N of the underlying Hilbert space must be even, say N = 2K, and i eff diagonalizes to the form
with equal numbers of eigenvalues 1, −1 along the principal diagonal.
We remark now that the connection between trace dynamics and an emergent quantum theory leads to two copies of the quantum theory, one with a K dimensional Hilbert space on which the effective imaginary unit is i, and the other with a K dimensional Hilbert space on which the effective imaginary unit is −i, corresponding to the two ways in which i eff can act. This dichotomy is borne out by calculations [3] showing that, under suitable approximations, canonical ensemble averages of products of dynamical variables in trace dynamics can be put into correspondence with
Wightman functions of an emergent quantum theory. For a general N × N matrix M , let us denote by M eff the part that commutes with i eff , that is
Then the emergent quantum equations take the following form: For time evolution of effective quantum operators x r eff with x r a q r or a p r , we find the effective Heisenberg equation of motioṅ
For the non-vanishing effective canonical commutators of bosonic degrees of freedom, we find
and for the non-vanishing effective canonical anticommutators of fermionic degrees of freedom, we
On the sector where i eff = i, we get the usual quantum mechanical relations, while on the sector where i eff = −i, we get quantum mechanics with i replaced by −i in the Heisenberg equations of motion and the canonical commutation/anticommutation relations. In the concluding chapter of [3] , and as elaborated in [4] , we have suggested that the −i sector is a candidate for the dark matter sector of the universe.
In applications of trace dynamics to field theory, the discrete index r labeling degrees of freedom becomes a spatial coordinate label x. We show in [3] that for Lorentz invariant Lagrangians, the operatorC is a Lorentz scalar, and that there is a conserved trace stress energy tensor of the usual form. We also show [5] that the rigid supersymmetry theories of spin 0, 1/2, and 1 fields, as well as the "matrix model for M-theory", have trace dynamics extensions, whereas [3] supergravity does not have a trace dynamics extension.
III. ARGUMENTS FOR THE METRIC BEING C-NUMBER VALUED IN TRACE

DYNAMICS
We show now that to incorporate gravity into trace dynamics, the metric must be introduced as a c-number or classical field, that is, as a purely diagonal matrix. There are a number of independent arguments for this.
invariant volume Rewriting a flat spacetime theory in curved coordinates requires a spacetime volume element dV that is invariant under general coordinate transformations. The usual
, where the scalar density (4) g is given by (4) g ≡ −detg µν in terms of the metric g µν . Under a change of coordinates x µ → x µ (x ′ ), the scalar density transforms However, for general operator-valued metric components g µν , the product property of the determinant is lost. That is, the determinant of a matrix, whose elements are the matrix product of an operator valued g µσ with a c-number matrix ∂x σ /∂x ′ ν is not the product of the respective determinants of the matrices. For these reasons, we are led to introduce the metric into trace dynamics as a c-number field.
There has been considerable discussion in the literature of whether gravity has to be quantized.
Dyson [6] argues that the Bohr-Rosenfeld argument for quantization of the electromagnetic field does not apply to gravity, and moreover, by a number of examples, shows that it is hard (perhaps not possible) to formulate an experiment that can detect a graviton. Dyson also notes that the papers of Page and Geilker [7] and Eppley and Hannah [8] To incorporate classical gravity into trace dynamics we proceed as follows. We start from a flat spacetime trace matter action
with L an operator Lagrangian density. We then generalize this to curved spacetime in the usual fashion, by introducing a classical metric g µν and writing
with L(x; g) the operator Lagrangian density with the classical metric g µν used to form covariant derivatives and to contract indices to form scalars. The total action will now be
with the gravitational action S g given by
Tr
where G is the gravitational constant and R is the curvature scalar. In the second line we have used the fact that since the metric is a c-number, R is also a c-number, so the trace just gives a numerical factor Tr(1), which is the dimension of the underlying Hilbert space. It is convenient now to divide out this factor, by writing S g = S g /Tr(1) and S m = S m /Tr (1) . Varying the metric, we get
and
with T µν the trace stress-energy tensor. Equating the metric variation of the total action to zero, we get as the trace dynamics gravitational field equations
which defining
takes the usual form
Since T µν obeys the covariant conservation condition
Eqs. (19)- (21) are fully consistent with the gravitational Bianchi identities
Thus, if our conjecture that the underlying equations of trace dynamics give rise, at the level of thermodynamics and statistical mechanics, to both quantum theory and state vector reduction, the consistency problems that afflict the Møller-Rosenfeld semi-classical gravity theory are absent in the trace dynamics framework.
Additionally, we note that convergence of the partition function Z for the canonical ensemble requires H ≥ 0 over phase space, and if we were to consider an ensemble translating with velocity v i with v i v i /c 2 ≤ 1, convergence of the analogous ensemble would require positivity of H + v i P i , with P i the trace momentum. This positivity requirement is guaranteed if the trace Hamiltonian and trace three momentum satisfy the "dominant energy" condition, which is also the condition needed to prove the positive energy theorems in relativity. In the conventional approach to quantum gravity, with a quantum stress-energy tensor as the source of gravity, it has never been clear why the dominant energy condition should hold after stress-energy tensor regularization.
IV. THE MATTER-INDUCED EFFECTIVE ACTION FOR GRAVITY
Even when no particulate matter sources are present, the averaged pre-quantum matter field motions can influence gravitational dynamics. This is taken into account by defining an induced gravitational action as the action calculated from the average of the matter field Lagrangian density over the canonical ensemble,
where L(x) AV denotes an average over the trace dynamics canonical ensemble ρ of Eq. (5),
In more detail, this average is computed as follows. Writing x = (x 0 , x) = (t, x), the Lagrangian density L at time t is defined as a function of the matter fields and their time derivatives. Labeling the matter fields, which can be bosonic or fermionic, by an index a, the set of fields are q a (t, x) and their time derivatives areq a (t, x). We can now rewrite the matter field time derivatives in terms of the corresponding canonical momenta p a (t, x) (for matter gauge fields, this will involve a gauge fixing), so that the Lagrangian density becomes a function of the fields and momenta. Thus at each fixed time t we can write
Recall that the canonical ensemble ρ and the phase space measure dµ = a x dq a (t, x)dp a (t, x)
are time-independent (with dq for a complex matrix q defined in the usual way [3] as the product of the differentials of the real and imaginary parts of the matrix elements of q). So at fixed time t, the average required by Eq. (25) with the Lagrangian density rewritten in the form of Eq. (26) is now explicitly defined. Note that the metric g µν is held fixed in this averaging, which leads to a functional of the metric as stated in Eq. (24).
The assertion that the canonical ensemble ρ is time-independent needs elaboration when in curved spacetime. It requires that the three quantities in the exponent of Eq. (5), H, N, andC, which are constants of the motion [3] in flat spacetime, remain constants of the motion in curved spacetime. For N andC this follows from the fact (shown explicitly in Appendix A) that these are charges formed from conserved currents, which generalize to covariantly conserved currents in
withC µ and N µ covariantly conserved four vector currents obeying ∇ µC µ = ∇ µ N µ = 0. The usual identity for any contravariant vector current V µ ,
then shows that in curved spacetime,C and N are time-independent.
For the trace Hamiltonian more explanation is needed. In flat spacetime the canonical matter field trace Hamiltonian is defined by
Since 1 = δ 0 0 , the natural generalization of this to curved spacetime is
with T ν µ the mixed index trace stress energy tensor. The fact that we use the mixed tensor, and not the more customary T 00 , will be crucial to the global Weyl scaling argument that follows. However, it is well-known that neither of these tensors defines a conserved matter Hamiltonian, because the energy of the gravitational field must be taken into account. In both cases, it is also known that one can construct a gravitational stress energy pseudotensor, the Einstein-Dirac [9] pseudotensor t ν µ in the mixed index case, and the Landau-Lifshitz [10] pseudotensor t µν in the upper index case, that yield conserved quantities. Specifically, in the mixed index case needed here, t ν µ is a function solely of the metric, constructed so that
Thus, when we define
we obtain a Hamiltonian function that is conserved in a general curved spacetime, which can then be used to construct the canonical ensemble.
We shall not actually need the detailed form of t 0 0 , because since it does not depend on the matter fields, it cancels out of the definition of the canonical ensemble between the numerator in Eq. (5) and the normalizing denominator. So we can then simply use H m for the Hamiltonian in the canonical ensemble, and henceforth will drop the subscript m. A discussion of the construction of t ν µ and its useful properties is given in Appendix B.
V. CONSTRAINTS ON THE FORM OF THE INDUCED EFFECTIVE ACTION
We next address constraints on the structural form of the induced effective action implied by the structure of the canonical ensemble. We begin by noting that althoughC and N are Lorentz scalars, the trace Hamiltonian H is the time component of a four-vector, and so the canonical ensemble picks out a preferred frame. We shall make the natural assumption that this preferred frame is the rest frame of the cosmological background radiation. However, we shall also assume that there is no other Lorentz violation present, in particular, we assume that the matter field action in curved spacetime is the usual minimal transcription a Lorentz invariant flat spacetime action.
Let us consider now a purely spatial general coordinate transformation, which leaves x 0 invariant. Under this transformation, g 00 transforms as a 3-space scalar, g 0i as a three-space covariant vector, and (3) g ≡ −detg ij as a three space scalar density. Expanding (4) g in a cofactor expansion written in the form
we see that D i transforms as a three-space contravariant vector. Since the canonical ensemble is a three-space scalar under purely spatial general coordinate transformations, the induced effective action must share this property, and so must be a function of the three-space scalars that we can construct from the above quantities and their derivatives, times the invariant volume element dV .
For example, the leading order effective action in an expansion in powers of derivatives of the metric must have the form
with A(a, b, c, d) a general function of its four arguments.
Further restrictions on the form of the induced action come from considering global Weyl scaling invariance. A detailed study of the Weyl scaling invariance properties of classical fields in curved spacetime has been given in an important paper by Forger and Römer [11] . In n-dimensional spacetime, they define global Weyl scale transformations of the metric g µν and the n-bein e a µ by the substitutions
For a generic matter field q(x) with canonical momentum p(x), the corresponding transformation
with w q = 1 2 (n − 2) , w p = w q + 2 , q a scalar field (w q = 1 , w p = 3 for four dimensions) ,
Thus, in this scheme, the metric g µν has Weyl dimension −2, and the n-bein e a µ has Weyl dimension −1. The necessity for giving Weyl dimension zero to Yang-Mills fields arises from the fact that the Yang-Mills field strength 2. For matrix-valued scalar, Yang-Mills, and Dirac spinor fields, as needed to construct the currentC µ , we find off-shell that ( (4) g) 1/2C µ is globally Weyl invariant.
3. For matrix-valued Dirac spinor fields, as needed to construct the trace fermion number current N µ , we find off-shell that ( (4) g) 1/2 N µ is globally Weyl invariant.
To summarize these results, all of the on-shell conserved quantities used to form the canonical ensemble are off-shell invariant under global Weyl scalings. This means that they are globally Weyl invariant over the entire phase space that is integrated over in the canonical ensemble. Since the Weyl scaling factors cancel between the phase space measure factors dµ in Eq. (5), and since the matter action is globally Weyl scaling invariant, we learn that the matter induced gravitational effective action defined in Eq. (24) must be globally Weyl invariant. Since D i has Weyl scaling weight 0, this allows us to further restrict the functional form given in Eq. (34) to read
with A(x, y, z) a general function of its three arguments. We remark that this result excludes a cosmological constant term in the induced gravitational action, which would correspond to an action
that is not globally Weyl scaling invariant. (Thus, we have given here a corrected version of the argument which we initially attempted in [12] ). We also remark that in the important case of metrics for which g 0i = g 0i = D i = 0, Eq. (38) greatly simplifies to read
where A 0 = A(0, 0, 0) is a constant factor. Similarly, when g 0i and D i are effectively small, as for the metrics for slowly rotating bodies, we can expand A(x, y, z) to first order in its arguments, giving the effective action
VI. RULES FOR USE OF THE FRAME-DEPENDENT EFFECTIVE ACTION
When particulate matter (baryonic matter, dark matter, and radiation) is present, with action S pm , the total action that we have obtained is
The familiar actions S g and S pm are general coordinate transformation scalars, but the induced action ∆S g is frame dependent, and as we have seen is only invariant under the subset of general coordinate transformations that act on the spatial coordinates x, but leave the time coordinate t invariant. As a result, the spacetime stress energy tensor obtained by varying ∆S g with respect to the full metric g µν will not satisfy the covariant conservation condition, and thus cannot be used as a source for the full spacetime Einstein equations. However, it is perfectly consistent to use ∆S g as the source for the spatial components of the Einstein tensor G ij in the preferred rest frame of the canonical ensemble, which we have assumed to be the rest frame of the cosmological background radiation. Thus we get the following rules:
1. The spatial components G ij of the Einstein equations are obtained by varying S total of Eq.
(42) with respect to the spatial components g ij of the metric tensor, giving the gravitational field equations
with T ij pm the spatial components of the usual particulate matter stress-energy tensor T µν pm , which is covariantly conserved, and with ∆T ij given by
2. The components of the Einstein tensor G 0i = G i0 and G 00 are obtained from the Bianchi identities, with G ij as input, and from them we can infer the conserving extensions ∆T i0 and ∆T 00 of the induced gravitational stress energy tensor. Equivalently, we can infer these by imposing the covariant conservation condition on the full induced tensor ∆T µν , with ∆T ij as input.
With this interpretation, comparing Eq. (43) with Eq. (21)
, we see that we have defined a splitting of the trace matter stress energy tensor into a part ∆T µν that arises from the hidden averaged motions of the pre-quantum matter fields, and a part T µν pm that arises from the observable particulate matter,
These rules have an analog in statistical mechanics and condensed matter theory, where there is a large literature showing how to obtain "conserving approximations" when the full equations of motion are truncated or are averaged over certain dynamical variables. Fortunately, the general relativity case just described is simpler. We shall see that for certain metrics of particular interest, such as the Robertson-Walker cosmological metric, and the static spherically symmetric metric, it is easy to write down the conserving extension of ∆T ij .
VII. APPLICATION TO ROBERTSON-WALKER COSMOLOGY
The standard ΛCDM model of cosmology, which is in excellent agreement with observational data from the WMAP and Planck satellites, is based on the Robertson-Walker line element
corresponding to the metric components
Since g 0i = g i0 = 0 , D i = 0, we can use the simplified form of the induced action given in Eq.
(40). Substituting g 00 = 1, we get
Varying the spatial components g ij of the metric, while taking δg 00 = δg 0i = 0, and using
, we find from Eq. (44) that the spatial components of ∆T ij are given by
The conserving extension of the induced gravitational stress-energy tensor for this case is obviously given by
and we see that for a homogeneous, isotropic cosmological metric, the induced term has exactly the structure of a cosmological constant! Assuming that there is no "bare" cosmological constant, the induced term is to be identified with the observed cosmological constant. In this interpretation the so-called "dark energy" is the energy associated with the hidden motions of the pre-quantum matter fields, and is strictly constant over the course of cosmic evolution, even as the matter sector undergoes phase transitions associated with successive stages of spontaneous symmetry breaking.
Comparing with the standard form of the Einstein equations in the presence of a cosmological constant Λ,
we identify the constant A 0 in Eq. (40) as
Using the relation Λ = 3H 2 0 Ω Λ between Λ, the Hubble constant H 0 and the cosmological fraction Ω Λ , we get the alternative expression
We emphasize that we are inferring the value of A 0 from the experimentally observed cosmological constant, and so have not given an explanation of why A 0 is so small compared to the scale set by the Planck mass.
VIII. A FIRST LOOK AT THE STATIC, SPHERICALLY SYMMETRIC METRIC
The standard form for the static, spherically symmetric line element is
Again we have g 0i = g i0 = 0 , D i = 0, so we can again use the simplified form of the induced action given in Eqs. (40) and (52). Substituting g 00 = B(r), we get
Again by varying the spatial components g ij of the metric, while taking δg 00 = δg 0i = 0, we find from Eqs. (44) and (56) that the spatial components ∆T ij are given by
and the Einstein equations for G rr and G θθ are modified to read
with the equation for G φφ proportional to that for G θθ . Although Λ is very small, we see that near the horizon of a Schwarzschild black hole, where the unperturbed solution is A(r) −1 = B(r) = 1 − r S /r (with r S the Schwarzschild radius), the induced term becomes infinite and so may have a significant effect on the horizon structure, which we plan to study.
From the expressions for G tt , G rr , and G θθ , with ′ denoting d/dr, and with A ≡ A(r) and B ≡ B(r) in Eqs. (59) - (61),
we find the linear relation (the Bianchi identity)
When G µν is replaced in this equation by the covariantly conserved ∆T µν it must also be satisfied, so for the conserving extension ∆T tt of ∆T rr and ∆T θθ we find
Using ∆T rr and ∆T θθ from Eq. (58), this gives as the modified equation for G tt
IX. SOME REMARKS
In conclusion we make some remarks, first on subtleties of our derivations, and then on speculations and possible future directions.
A. Remarks on the derivations
(1) Our calculation is a form of a "fast-slow" calculation, in which "fast" degrees of freedom (in our case, the pre-quantum matter) are averaged to get effective equations for "slow" ones, in our case, the metric. In usual applications of this method, one averages the Hamiltonian instead of the action. When the action and Hamiltonian have the form (using subscripts f and s to label the fast and slow degrees of freedom)
and one averages over a normalized weighting of either the form ρ(q f , p f ), or the factorized form ρ(p f )η(q f , q s ) (which includes the thermal ensemble for this system), the averages of T (p f ) and T (q f ) are constants which do not contribute to the averaged Euler-Lagrange and Hamilton equations for the slow variables. The averaged action and the averaged Hamiltonian then give the same equations of motion. However, when the fast kinetic terms depend on slow variables, and so have the form T (q f , q s ) or T (p f , q s ), when averaged these give extra potential-like terms for the slow variables, and the two averaging procedures are not manifestly equivalent. This corresponds to the gravitational case that we have studied, where the matter kinetic terms depend on the metric.
Since the action form of gravitation is much simpler than the Hamiltonian form, we have chosen to average the action. 
L is also locally Weyl invariant, while in the scalar case, ( (4) g) 1/2 L is locally invariant up to a total derivative, which does not contribute to the action. However, in the scalar case, since p φ = g 0µ ∂ µ φ = g 00 ∂ 0 φ + g 0i ∂ i φ, the local scaling properties of p φ and φ are consistent only when λ = λ( x) and when the metric is specialized to g 0i = 0. These results place no additional restrictions on the leading non-derivative effective action terms, but can be used to place scaling restrictions on the terms in the effective action that depend on derivatives of the metric. 
with ρ tot the total matter contribution to the energy density coming from the sum of the induced gravitational term ∆T 0 0 and and the particulate matter term T 0 0 pm in the Einstein equations. Thus in a general relativistic sense as well, the observation of Ω = 1 corresponds to a zero energy condition.
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(5) The matter action and its variation with respect to the metric g µν are
(6) The Einstein equations are
The gravitational covariant derivative that leaves the metric invariant is denoted by ∇ µ , an ordinary partial derivative by ∂ µ , and a covariant derivative with respect to both the metric and gauge fields, by D µ (8) For uniformly distributed matter in the rest frame of the Robertson-Walker metric, the stress energy tensor is
with p the pressure, ρ the mass density, and u 0 = 1 , u i = 0.
Formulas for matter field actions and conserved quantities derived from them
To calculate local Weyl scaling properties, it is convenient to write λ(x) = exp(ω(x)) and to study the effect of an infinitesimal ω. The calculations given in [11] show that under Weyl scaling of the metric and the matter fields in n = 4 dimensions, the matter Lagrangian densities all obey
off-shell. This in turn implies the invariance of the corresponding action integral
The matter Lagrangian densities used in [11] , for which these properties hold, are as follows:
(1) The "improved" or "modified" scalar field Lagrangian density (with = ∇ µ ∇ µ ),
(2) the Yang-Mills gauge field Lagrangian density [with ( , ) the internal index inner product],
(3) the Dirac spinor field Lagrangian density (withψ = ψ † γ 0 and γ µ = e a µ γ a , with γ a the flat spacetime gamma matrices), We note that for the alternative form of the modified scalar Lagrangian density, which differs only by a total derivative that does not contribute to the action,
we find
Verifying these local Weyl scaling properties requires considerable calculation. Local Weyl scaling implies global Weyl scaling, which is obvious by inspection of the above formulas.
By varying the above Lagrangians with respect to the metric, which again requires lengthy calculations, Forger and Römer [11] calculate formulas for the corresponding stress-energy tensors T µν . Raising the index ν, these become
(1) The "modified" scalar field stress-energy tensor
(2) the Yang-Mills gauge field stress-energy tensor
(3) the Dirac spinor stress energy-tensor
(4) the usual contribution to the stress-energy tensor arising from the interaction Lagrangian
By direct calculation, we have verified that the mixed component tensors T ν µ for the modified scalar, gauge field, and spinor cases, satisfy the satisfy the following local Weyl scaling conditions,
Thus, in all three cases, we learn that the three space integral
is Weyl scale invariant for general time-independent but space dependent ω( x). The global Weyl invariance specialization of these results can again be read off from the expressions for the stressenergy tensors without detailed calculation.
These local invariance results for the stress-energy tensor can also be deduced from the local Weyl variation of the action by the following argument. Since the order of variations can be interchanged, we have
Applying the right hand side to the product of ( (4) g) 1/2 with the Lagrangian density, and using
Eq. (A6) we get
Now in general, the metric variation of [( (4) 
with the second term consisting of total derivatives that are discarded after integrating over d 4 x.
So from Eqs. (A19) -(A21) we find
Since δg µν is arbitrary, we can take it as
with ξ α and η α constant four vectors. We then learn
In the gauge field and Dirac spinor cases the total derivative term Σ κ vanishes (for the spinor, this requires a lengthy calculation given in [11] ), and so using the fact that ξ and η are arbitrary, we learn that
which is the result obtained by direct calculation. In the scalar case, several integrations by parts are needed to get from the variation of the action to the stress-energy tensor, so Σ κ is nonzero. To get the detailed form of δ ω Σ κ , one must calculate the surface term Σ κ , which we have done as an independent check on the scalar case results stated above, but which involved considerable effort.
We stress again that all of the above Weyl scaling results are valid "off-shell", that is without use of the equations of motion. The main focus of Forger and Römer [11] was not on Weyl scaling of the stress-energy tensor, but rather on the connection between scale invariance and vanishing of the trace T The spinor number current N µ =ψγ µ ψ, which obeys ∇ µ N µ = 0 on shell, clearly obeys δ ω N µ = −4ωN µ off-shell, so the conserved fermion number N = d 3 x( (4) g) 1/2 N 0 is Weyl scale invariant off-shell. These statements immediately carry over to the trace dynamics generalization N. We digress to remark that the corresponding scalar quantity M =ψψ obeys δ ω M = −3ωM , and so the mass-like action term formed from this, d 4 x( (4) g) 1/2 M is not Weyl scale invariant. Hence we expect that when spinor source terms are introduced, the induced effective action for the spinor sources will not acquire a mass term, in direct analogy with the exclusion of a true cosmological constant term in the gravitational effective action. We expect this to play an important role in the application of trace dynamics to building models unifying the standard model of particle physics with gravitation, since it will extend the class of models in which the generation of Planck scale masses is forbidden.
Returning to the conserved quantities appearing in the trace dynamics canonical ensemble, we consider finally the currentC µ associated with the conserved operatorC. These [2] have the interpretation as the on-shell conserved current and charge associated with global U (N ) invariance of the trace dynamics action. The currentC µ is easily calculated by replacing all matrix fields q by the commutator [Λ, q] and isolating the term Tr∂ µ ΛC µ . Applying this recipe to the trace dynamics generalizations of the actions given above, we find the following.
(1) For the scalar field, we haveC
(2) For the Yang-Mills field, we havẽ
(3) For the Dirac spinor field, we havẽ
In all three cases we see that off-shell δ ωC µ = −4ωC µ , and so
which implies the Weyl scaling invariance of the conserved charge d 3 x( (4) g) 1/2C 0 appearing in the canonical ensemble.
1. When the metric is written as g µν = η µν + h µν , with h µν not necessarily small, the tensor is quadratic or higher order in h µν .
The pseudotensor obeys the conservation law
, where for purposes of this Appendix we abbreviate
3. For an isolated system, the three space integral d 3 x √ g(T 0 µ + t 0 µ ) gives the usual fourmomentum P µ defined by the asymptotic solution.
4. The matter component of the total energy, and the gravitational component of the total energy d 3 x √ gt 0 0 , are both invariant under three space coordinate transformations t → t, x → x( x ′ ).
5. The total gravitational energy for an isolated system is equal to that calculated from any pseudotensor obeying properites (1) and (2), such as the Einstein-Dirac pseudotensor
6. For linear coordinate transformations, the Einstein-Dirac pseudotensor transforms as a tensor.
7. For the special case of a spatially flat universe using Cartesian coordinates, the EinsteinDirac pseudotensor is spatially uniform, taking the form of Eq. (64), and has a local physical significance.
To prove these statements, we follow a constructive procedure given by Weinberg [15] , with modifications appropriate to the mixed index case and to include factors of √ g where needed. We
Defining the total four momentum by P µ = η µλ P λ , we have
with the surface integral on the second line evaluated over the sphere at spatial infinity. This demonstrates property (3) listed above. Note that once we have have identified − 1 8πG ∂ i Q i0λ as an expression of energy-momentum density, we can similarly define a total angular momentum by
and convert it to a surface integral over the sphere at infinity. But because t ν µ is not symmetric in its indices, the integrand in this equation cannot be rewritten in terms of a locally conserved angular momentum four vector current density constructed from T ν µ + t ν µ . Property (4) is a consequence of the facts that d 3 x √ gT 0 0 is invariant under three space coordinate transformations that keep the time t fixed, since d 3 x √ g and T 0 0 both are invariant under these transformations, and that for an isolated system with an asymptotically flat metric, the total is invariant under such spatial coordinate transformations. This was Dirac's [9] motivation for including the √ g factor in his definition of the gravitational stress-energy tensor.
The construction we have given for t ν µ is not unique. Suppose there is anothert ν µ that is at least quadratic in h µν and obeys ∂ ν [ √ g(T ν µ +t ν µ )] = 0. Forming the difference ∆t ν µ =t ν µ − t ν µ , we have ∂ ν [ √ g∆t ν µ ] = 0, which implies that
with D νρ µ antisymmetric in ν and ρ. Then calculating the corresponding total gravitational energy difference, we have
since the fact that ∆t ν µ is of quadratic or higher order in h ν µ implies that for an isolated system, the surface integral at spatial infinity vanishes. Hence one obtains the same total gravitational energy momentum from either t ν µ ort ν µ , even though they define different local energy-momentum distributions. A particular elegant choice oft ν µ has been given by Einstein and Dirac [9] , and so we have demonstrated property (5) yields the same total P µ for an isolated system as the t ν µ constructed above, which we have shown gives the usual asymptotically defined energy-momentum for an isolated system. Subtracting the matter energy-momentum, it also yields the same total gravitational contribution to P µ as any pseudotensor obeying properties (1) and (2).
Since the Einstein-Dirac pseudotensor is constructed in terms of the affine connection, it transforms as a tensor when the affine connection transforms as a tensor. Because the inhomogeneous terms in the transformation of the affine connection under a coordinate transformation arise from second derivatives of the coordinate transformation, in the special case of linear coordinate transformations, the Einstein-Dirac pseudotensor transforms as a tensor. This is property (6).
Let us now consider a spatially flat Robertson-Walker universe (k = 0), for which the line element in Cartesian coordinates is simply
corresponding to the metric components g 00 = 1 , g 0i = g i0 = 0, g ij = −a(t) 2 δ ij .
An easy calculation shows that the only nonvanishing affine connection components are 
which is property (7 
with ρ tot the total matter contribution to the energy density, we see that for k = 0 the sum of the gravitational and matter energy densities is zero. ( A related, more complicated calculation has been given by Mitra [16] starting from the Einstein form of the pseudotensor. He concludes that a spatially flat universe has zero total energy when it is static, but we do not find this restriction.
We have not analyzed the reason for the discrepancy between his result and ours.)
For further discussion and properties of the mixed index pseudotensor, see [17] and [18] .
